Partial entangling power provides the average amount of entanglement produced by a d 1 × d 2 bipartite unitary operator. The average is done over the initial distribution of the states of one of the subsystems. In this paper, we extend the expression of the partial entangling power to the case that d 1 is finite and d 2 is arbitrary. In particular, we give an explicit expression of partial entangling power for the 2 × ∞ system. The expression can be well applicable to the Jaynes-Cummings model (JCM). The results can recover the well-known phenomenon in the JCM. We explicitly discuss its behaviour in the large detuning case and at the resonance case. Comparing the two cases, we find that it is easier for the JCM in the large detuning case to reach and maintain its maximum entangling power, while for the JCM at resonance, the achievable maximum entangling power is larger. In addition, the time average partial entangling power is also discussed.
Introduction
Bipartite entanglement is one of the basic resources in quantum information processing. Consequently, how to quantify the capability of quantum operations to create entanglement between the two subsystems has attracted much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . One of the valuable measures for this aim is the entangling power of the unitary operatorÛ on the combined system, which is defined as [1] e p (Û) = E(Û |ψ 1 ⊗|ψ 2 )
where the overbar denotes the average over all the input product states |ψ 1 ⊗|ψ 2 and E is an entangling measure over the whole Hilbert space H = H d 1 ⊗ H d 2 , with d 1 and d 2 being the corresponding dimensions. The linear entropy [12] E(| ) = 1 − trρ
is always adopted as the entangling measure, since it provides a unique measure of entanglement as the von Neumann entropy for bipartite pure quantum states and is easy to be calculated. Therefore, the entangling power indeed provides the average amount of entanglement produced byÛ acting on an initially given distribution of product states. Generally,Û is generated by the Hamiltonian of a (bipartite) quantum system, i.e. U = exp (−iH t). Thus, the entangling power ofÛ indeed reflects the dynamics of the entanglement between the two subsystems. The statistical average over the initial states in fact provides a way to get an input-independent dynamics of entanglement. On the other hand, the entangling power can also reflect the decoherence effect. When the system has zero entangling power, it means that its two subsystems are disentangled. Therefore, the entangling power is a really important concept in physics. It has already widely been applied in many quantum systems [13] [14] [15] [16] [17] [18] . Recently, this concept has been extended to the case with ancillas [19] and the case of entanglement-changing power [20] and disentangling power [21, 22] . The general expression of entangling power has been given in [1] . Recently, it has been simplified by using the simple matrix rearrangement and partial-transpose approach [18, 23] . However, they are all restricted to the case that the two subsystems of the total system are finite dimensional.
In practical systems, we are always subjected to the system with one of its subsystems being finite and the other one infinite, such as those described by the Jaynes-Cummings model (JCM) [24, 25] , the spin-boson model [26] and the Dicke model [27] , etc. In this case, the unitary operatorÛ becomes infinite dimensional as well; thus, it is always difficult to calculate its entangling power. Fortunately, another concept called partial entangling power was proposed to deal with this problem. It has been given in [1] that, if the input state of |ψ 2 is fixed, then the partial entangling power ofÛ reads
where the average is just over all the possible states of |ψ 1 .
In their work, they restricted that d 1 
where ω 0 is the transition frequency between the two levels of the atom denoted by |1 (ground state) and |2 (excited state),σ ± are the transition operators withσ + = |2 1| and σ − = |1 2|,â † andâ are the creation and annihilation operators of the optical field with frequency ω c and g is the coupling constant between the atom and the field. Let = ω 0 − ω c be the detuning frequency between the atom and the field. Our discussion will be shown in the cases of large detuning ( g) and at resonance ( = 0) respectively. We will show that the partial entangling power works well for the JCM. It recovers the well-known results of the JCM at resonance that, for a sufficiently large average photon number, the atom disentangles with the field at a certain time point, which is independent of the initial atomic state. This will be illustrated explicitly in section 4. Meanwhile, our numerical and analytical results show that it is easier to get a steady maximum entangling power for the JCM when the atom and the field are in the large detuning, while the resonance interaction between them can result in a larger maximum entangling power. In should be pointed out that, although in this paper we only consider the JCM, the method developed is general and easy to apply to other atom-field interaction.
On the other hand, the time average partial entangling power is introduced in [18] 
This quantity is not only the average over all input states |ψ 1 , but also over all time ranges. It gives an evolution average of the entangling power of the unitary operatorÛ . In our work, we will also apply it to study the JCM. The paper is organized as follows. In section 2, we will give the general expression of the partial entangling power when d 1 is finite and d 2 is arbitrary. An explicit form for the case d 1 = 2 will also be shown. Then in sections 3 and 4, we will apply the explicit expression to calculate the entangling power of the JCM at both large detuning and resonance. In addition, the time average partial entangling power is also analysed. Finally, a conclusion is given in section 5.
Partial entangling power
First, we will derive the partial entangling power of a bipartite quantum system with dimensions d 1 being finite and d 2 arbitrary. The dimension of the unitary evolution operator U ∈Û(H) is correspondingly determined by d 1 and d 2 . The input state of the second subsystem will be fixed, and the average of the partial entangling power is done over the input state of the first subsystem.
Assume that the input state is
where
is the corresponding input state and |ψ 1 is a pure state with finite dimension. Then the output state can be expressed as
Thus, the partial state for the first subsystem is obtained as
In order to simplify our results below, we double the Hilbert space to
as the swap operation between the equal-dimensional subsystems i and j . Using the identities tr 1 (ÂB) = tr 13 [(Â ⊗B)Ŝ 13 ] and (ÂB) ⊗2 =Â ⊗2B⊗2 , we write the linear entropy in equation (2) as
Then substituting equation (9) into equation (3), we get the partial entangling power
and dμ ρ (11) is given as [1] 
with
. Here we see that the introduction of the double Hilbert space gathers the effect of the average over the input state ρ in 1 into single operators. This greatly fascinates the derivation of the expression of the partial entangling power.
Consequently, the partial entangling power takes the form
Furthermore, we will re-express the above result in the finite-dimensional Hilbert subspace H d 1 . Based on the local orthogonal basis {|1 , |2 , . . . , |d 1 }, the unitary operator of the first subsystem is expanded as
k=1 |j k| ⊗ U jk , whereÛ jk = j |Û |k is still an operator acting only on the second subsystem. Then after some calculations, we obtain the explicit form of α(Û) and β(Û) as
and β(Û) = tr 24
Then substituting equations (15) and (16) into equation (13), the explicit form of the partial entangling power in the second subspace is finally obtained
This is similar to the result given in equation (7) in [1] where both d 1 and d 2 are finite and the expansion ofÛ is done in the second Hilbert subspace with the input state |ψ 2 fixed. However, the result shown in equation (13) is independent of the dimension of the second Hilbert space d 2 . Thus, it is applicable to the system which only requires that its first subsystem has finite dimension, no matter whether the second system is finite or infinite. In particular, in the case that d 1 = 2, the explicit form of e p (Û) for the unitary operatorÛ is totally determined by a matrix M as
where elements of the matrix M are defined as
and the elements ofÛ in the first Hilbert subspace arê
Expression (18) can be used to any system with one of its subsystems being two dimensional, such as a two-level atom.
In the following, we will show that it is efficiently workable to the famous JCM both at large detuning and at resonance. We find that the results obtained by the partial entangling power can efficiently reproduce the well-known phenomenon in the JCM. And the different kinds of interactions between the atom and the field will lead to different behaviours of the partial entangling power.
Application I: JCM at large detuning
We first consider a simple case of the JCM at large detuning, i.e. g. That is, the interaction between the atom and the field is so weak that the transition between the atomic ground and excited states is almost negligible. In this limit, the effective interaction Hamiltonian (4) takes the form [28] [29] [30] [31] 
where λ = g 2 / . SinceĤ I is only determined byσ z = |2 2| − |1 1| and the photon number operatorâ †â . Thus there is no energy exchange between the two subsystems. Only the phase of the total system will be changed during the evolution. In the number state representation, the eigenstates and eigenvalues ofĤ I are [32] 
where n = 0, 1, . . . , ∞ denotes the photon number of the optical field. It is seen that the eigenvalues are proportional to the photon number, i.e. ε ± n ∝ n. This leads to the very simple behaviour of the partial entangling power.
The corresponding evolution operatorÛ = exp(−iĤ I t) expanded in the atomic subspace has only two nonzero termŝ
There is no cross terms such as |1 2| and |2 1| due to the large detuning limit. For such a unitary operatorÛ , according to equation (18), we can get a very simple expression for e p as
If we assume an arbitrary pure state of the input optical field as
then the expression of e p shown in equation (24) has the explicit form as
which depends totally on the diagonal elements of the input field state since there is no cross terms in the evolution operatorÛ . Since the photon number state |n is the eigenstate ofĤ I , so the phase factor e i2nλt only depends on the photon number itself. Then after the summation over n, this phase factor may become independent of n.
If the input state of the field is a coherent state
2 /2 . This is a pure state and closest to the classical state. For the sake of simplicity, we suppose z > 0 and rewrite F n as F n = √ n n √ n! e −n/2 , with n = |z| 2 being the average photon number of the coherent state. Then the elements of the field state as
Inserting its diagonal elements ρ nn into equation (26), we obtain the partial entangling power as
This is carried out due to the summation that ∞ n=0 α n e iβnt = 1/(1 − αe iβt ), with α and β being the arbitrary complex numbers. Equation (29) shows that the evolution behaviour of e p varies as the average number n changes, which is also displayed in figure 1 . First, it is found that e p has an exact evolution period T = π/λ, which is independent of n, as expected. Thus, e p periodically reaches its minimum value zero. That is, the atom and the field can always be disentangled, regardless of the value of n and the initial state of the atom. However, its maximum depends on the value of n:
which is reached at the half-period point λt = π/2. We see that e p (Û)| max increases with increasing of the average photon number. However, when n is large enough, e p (Û)| max remains unchanged. In the limit n → ∞, e p (Û)| max → 1/3. Finally, from figure 1, we note that there is a platform of the maximum partial entangling power when the average photon number becomes large. The larger the n, the wider the platform is. This is because, in equation (29), (cos(2λt) − 1) 0. Thus when n 1, it is relatively easier for e p to reach its maximum. Therefore, we can get the conclusion that, for the JCM at large detuning, (i) the atom disentangles with the field periodically, and the period is independent of the average photon number.
(ii) The larger the initial average photon number, the easier for the atom and field to reach the maximum entangled state, and the longer the time they can stay in the maximum entangled state.
Furthermore, we also consider the corresponding time average partial entangling power. It can be easily derived from equation (29) as
where I 0 (x) gives the modified Bessel function of the first kind with x being complex [33] ,
Thus, e p also increases as n increases, which can also be seen in figure 2 . But it cannot approach 1/3, even when n → ∞. This is due to the fact that e p | max reaches 1/3 only when n → ∞, and after the time average of e p , it becomes smaller than 1/3 naturally.
Application II: JCM at resonance
Then we consider the second case when the atom and the field are at resonance, i.e. = 0. In this case, there always exists the atomic transition between its ground and excited states, which is driven by the optical field. That is, the energy exchange between the atom and the field always occurs, which can be described by the effective interaction Hamiltonian [34] 
In the number state representation, the eigenstates and eigenvalues of the Hamiltonian (33) are [32] 
Here the eigenenergy ε ± n is proportional to √ n not n. Generally, it is hard to give an analytical expression of a summation of n over a function of √ n. Thus, we will find in the following that the partial entangling power e p has a relatively more complex expression with no exact period. The evolution operatorÛ = exp(−iĤ I t) can be expanded in the atomic subspace as [34] U 
We assume that the input state of the field is a coherent state as shown in equation (28) . Since it is hard to give an exact analytical expression of e p (Û), we numerically display its evolution behaviour for different average photon numbers of the coherent field, as shown in figure 3 . From figure 3 , first, we see that after certain irregularly oscillation, e p oscillates quasi-regularly around a centre value, which increases with the increasing of n. The quasi-period of e p varies as n changes, which is different from the large detuning case as shown in equation (29) . As shown in the following, in the large n limit, there is a quasi-period of e p about T = 2π √ n/g. Second, the larger the n, the longer time is needed for e p to reach its centre value. This can be qualitatively explained as follows. Since the atom has only two energy levels, when it interacts with the infinite field, only the small photon numbers contribute significantly to the interaction. However, when n 1, large photon numbers account for much more than small photon numbers in the field. Therefore, it is more difficult for e p to reach its centre value during the time evolution. Third, from figure 3(d) , we see that at about gt = π √ n, e p → 0. That is, the atom almost disentangles with the field at this point. This can be connected with the already well-known results shown in [35] , where it was shown that the atom is in a good approximation in a pure state at gt = π √ n, which is reached independent of the initial state of the atom. In addition, compared with the result of the JCM at large detuning, the maximum partial entangling power of the JCM at resonance is larger for given n. It may mainly result from the cross terms of the unitary operatorÛ , i.e.V 3 andV 4 . In conclusion, for the JCM at resonance, the resonance interaction (coherence) between the atom and the field makes the entangling power e p behave totally different from the large detuning case. It is a little hard to reach their maximum entangled state. However, the coherence terms indeed can increase the maximum entanglement capability of the system.
In fact, all of the above results can be quantitatively analysed in two limit cases, i.e. n 1 and n 1. When the average photon number is small enough, we can assume n = 0. In this case, the initial field can be seen as a vacuum. For 0 0 = 1, we have
Then the corresponding partial entangling power is easily obtained as
It oscillates with the period of T /g = π/2 with the amplitude of 1/6 ≈ 0.167. This is roughly consistent with the results when n 1, as shown in figure 3 (a). In contrast, when the large average photon number limit, i.e. n 1, we can give an approximate analytical estimation of the dynamics of e p . Before our analysis, we will give an important and helpful approximation in our analysis. For a coherent state with n 1, the photon number is essentially distributed in the region of n ± √ n. Thus, (n − n)/n is at most of the order of 1/ √ n. That is, (n − n)/n 1. Therefore, we can approximately expand √ n in powers of (n − n)/n up to the second order as
In the following, we will use this relation to discuss the behaviours of e p for sufficiently large n. First, for the initial coherent state of the optical field as shown in equation (28), we find that the non-diagonal elements ρ n,n+1 and ρ n,n+2 in equation (37) do not differ remarkably from the diagonal elements ρ nn :
Thus, we can approximately treat them equally. Therefore, in the region where ρ nn is essentially different from zero, if gt 1, the quantities cos(gt √ n) and sin(gt √ n) show many oscillations as a function of n. Then the summation over n will lead to a result that
and
Second, from equation (40), we get another approximate relation as
If gt 4n, we can ignore the second term on the right-hand side of the above relation. That is,
Therefore, the remaining elements of M 13 , M 14 , M 23 and M 24 show an oscillatory behaviour of the time t as sin(gt/2 √ n) or cos(gt/2 √ n). For example, using the triangle relation that sin α cos β = [sin(α + β) + sin(α − β)]/2, one can approximately rewrite M 13 and M 24 as
Similarly,
Substituting the matrix elements of M shown in equations (42), (43), (46) and (47) into the expression of the partial entangling power e p in equation (18), we find that for a sufficiently large average photon number n, in the time region that 1 gt 4n, the partial entangling power e p oscillates with a quasi-period of T = 2π √ n/g. For example, when n = 100, in the region gt 400, we obtain a quasi-period of T 62.8/g. This is in excellent agreement with the oscillatory behaviour shown in figure 3(d) figure 3(d) . That is, the entangling power of the JCM approximately disappears at the point gt d = π √ n, which is independent of the initial input atomic states. This is exactly in agreement with the already well-known results reported in [35] , where it was shown that the atom is in a good approximation in a pure state at gt = π √ n, which is reached independent of the initial state of the atom.
On the other hand, if gt 4n, the second term on the right-hand side of equation (44) 
In the limit of gt 4n, M 13 , M 24 0 and M 14 , M 23 1/2. Then we find that the partial entangling power e p only remains the asymptotic value of 0.5, which can also be seen from the numerical result such as figures 3(c) and (d).
In addition, we also numerically study the time average behaviour of the partial entangling power, as shown in figure 4 . It also increases monotonously versus the average photon number. It is noted that when n = 0, then e p = 0, which is different from that shown in figure 2 . This can be explained from equation (39), where we get the time average e p (Û) = 1/12 ≈ 0.08. This implies that even for a vacuum optical field, the partial entangling power of the global system occurs.
Conclusion
In conclusion, using the concept of partial entangling power, we have studied the entangling power generated by a bipartite system with one of its subsystems being finite and the other arbitrary. The average of the partial entangling power is done over the initial states of the finite subsystems. An explicit expression is derived for the 2 × ∞ system. This method is efficiently workable for a basic system in a quantum optical field, i.e. JCM, both in the large detuning case and in the resonance case.
For the JCM at large detuning, there is an exact period for the partial entangling power. Thus the atom and field can periodically disentangle. And it is easier for them to reach and stay in the maximum entangled state when the average photon number is larger. While for the JCM at resonance only a quasi-period can be obtained. For a sufficiently large average photon number, only at the first half-period point, the atom approximately disentangles with the field. This phenomenon reproduces the already well-known result in the JCM. Although it is harder for the JCM to reach its maximum entangled state when the atom and field are at resonance, its maximum entanglement capability is larger than that in the large detuning case. This further verifies that the coherent interaction between two subsystems is useful for creating entanglement between them. In addition, the time average partial entangling power is also discussed. We find that the time average partial entangling power increases with the increasing of the average photon number of the input state.
